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ABSTRACT : Inthepresent paper, anew classof generalized L aguerrepolynomials, L &£ in
threevariablesand three parameter shasbeen introduced. A number of bilateral and trilateral
generating functionsfor thenew classhavebeen obtained. Several special caseshavealso been
discussed.

I.INTRODUCTION

Lagueree (Rainville 1960) introduced first Laguerre polynomials L (x) and Lg") (x), Many generalisations of these
polynomial s have been obtained by mathematicians. S.F. Ragab (1991) [2] introduced the generalized Laguerre polyno-

mials |_{? (x,y) with two parametersand two variables as
(a+1),(B+1), o (TN XY’
L(U B) (X,y) = AY " \P " H/n w
(n!)® p0 ¢ (O +1)q (B+1)pq! p! - (1

Sahoo, H.C. (2007) introduced a generalisation of Laguerre polynomialsin two variables and two parameters as
follows[3].

(@+)), @B+, » o (M),(n)x"y"
mint 5o do (a+l),(B+1),p d!
Padhiary L. K. (2013) [1]. introduced Laguerre polynomiasL (x,y,z) of three variables and degree n defined by

(cx B) (x.y) = ..(1.2)

nonp npq ( n)p+q+rxryqu
M2 B A (@) ()

In the present paper we have introduced a new interesting generatlisation of Laguerre polynomials of three variables

(1.3)

and three parameters denoted by | (%2 (x,y,z) . We have discussed some special cases of this genralised class. We

have also found a number of bilateral and trilateral generating functions for this new class. Many special cases have
also been discussed.

2. We introduce Laguerre polynomials of three variables and three parameters as follows:

@D, (), ¢ 8 & MM, ey
nim!d p=0  ¢=0 Zo (a+1),(B+D),(y+D), pigirt ™

LB (x,y,2)=

Where m, n, s are three non negative integers.
Herea, B, yare parametersm, n, sareindicesand X, y, z areindependent variables. The polynomials (2.1) can also be
expressed as.

(@,B.y) s v v (=1 (a+1), (B+1),, (y+1),x"y* 7"
Lnd 60 D= 2, & 2y G- pi(m- @ (s- 1) (oD, (B+1), (v,

...... 22)
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These polynomials are indeed polynomials of three variablesx, y, and z.
For polynomials of three variabl esthe triple hypergeometric serieswasintroduced by many mathematicians. The newly
introduced polynomial can be expressed in Shrivastava’s
F®[x,V, z] functionsasfollows:
[+ === —n,—m;-s, L
LER eon ) =P+ LB+ Ly + 1

where F¥(x, y, z) function is the unification of Lauricalla’s fourteen triple hypergeometric functions F , F,
......... F,, and extended F, function of Sharma (1970) [4] and three additional functions H,, H, and H_ of Srivastava.
Thisunified F¥(x, y, z) functionwas introduced by Srivastava, H. M. and ManochaH.L. (1984) [5] as

& H@)= (0); (0)(07) - () (C): () o L

P Hd) (e (e): () (1 ()i (F); E
_ 3 [ meneplPlinen[ 04[O Tperm | [Clml€Ta[CT,  x™y™"2°
~map=0 [A]inip[€len€]nip[€Tpim  [Fln[f10[F],  mintp!

3. Generating Functions : In this section we obtain some bilateral and trilateral generating functionsfor L (B.y) (x,,

n,m,s
2
(i) By series manipulation method we obtain generating functions for the polynomials.....(2.1) asfollows:

° LS (x,y )t
=0 (a+D), (B+D),, (Y+D),

s (=n)y(=m),(=s), x"y Z't"
=0 (a+1) (B+1),(y+1), p'glrinim!s!

1
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e NGNS
=0 g0 @0 S (a+D), (B+D), (y+D), plair(n+p)imid

L35 33 (DO m 9y 1
n=0 p=0 ¢=0 r=0 ni(a+1), (B+D), (y+1), plql rl (n+p)'mid
= "2 (xt)° m (- m) (-9)y'z

=3 =2 @,p 2 2 (B+1), (y+D), grimi

LED (y,2)
¢ G LX) (g (e,

Thus we obtain avery important bilateral generating function.

o LY (x,y,2)t" LED(y,2)
ngo (0+1),, (B+D),, (y+D), ~ & F(=a+1-x) m .......... (X))
We can also obtain another two sets of bilateral generating functions as
= LS (YD L9 (x.2)
& (a+1) (B+D), (y+1), ~ ¢ R EB+L-yY m ........ (32)
2 _Lnwd (Y, L (x.y)

SZO (G +1)n (B+1)m (y+1)3 =¢ oFl (- y+1;-zt) (a +1)n (y+1)s ........ (3.3
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(ii) We now obtain some double series generating functions as follows :

© @ Ewan?sy)(x Y,2)t t2
2 & (a+D), (B+D),(y+D),
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e e (x)f 2 oy, o (97
0 i mlgo (a+l),plao B+, = (v+D),rid

¢ (V) (Z)
= el gl F (= a+1;-xt) F (= B+1; —ytz)
(v+D;
Hence we obtain the most important trilateral generating function for the polynomial, LE]“,ESV ) (x.y,2) as
S S LES (.Y, 2) ] 15
& & (@D, B+, (v+D),
+ LG
= et1 t, OFl (_, a+1; -th) OFl(_; B +1; -ytz) X ( ) ........ (34)
(v+D,

In asimilar manner another two sets of trilateral generating functions involving double series expansion are derived
o : 2 LIS (XY, D)6
n=0 s=0 (a +1)n (B+1)m (y+1)s

= gl F (- a+1-xt) F (- y+1 -zt) x L “ (35)
and )
g Lime (X,Y,2)t't5
2 2 (@D, B+, (v+),
L’ (%)
= gli't; F (= B+1-yt) F(=y+1-zt) x @3 (3.6)

(iii) To obtain generating function involving triple series expansions for Laguerre polynomials,
we proceed as follows:

s L Limd (X,Y,2) 1 t5 5
n,m,s=0 (G +1)n (B+1)m (V+1)S

g ¢ M9 NYZEEE
o a0 = (0+l),(B+D,,(y+D).pgriminld

n,

i~
M>s

0 p
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5% (-n-p), (-m-q), (=s—1), X"y Z' tI"P 13715
nmns0 pdr=0 (0+1), (B+1),(y+1), piairi(n+p)l(m+q)!(s+r)!

@ (D™ XY P
nmspar=o (00+1), (B+1),(y+Dp!girinimld
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0 pl(a+l), ¢ ql(B+D), = ri(y+D),
= gttt F (= o+ 1 -xt) Fy(= B+ 1yt ) Fy (< v+ 15 -zt)

Hence we obtain thetrilateral generating function for

LOBY (x,y,2) as

o LS (XY, )55
n,m,s=0 (C( +1)n (B+1)m (y+1)s

= el F.Ea+Lxt) F(=B+1-yt)F (—y+1;-zt)

G
= etl tz t3 (3)5_ ____ G+lB+lV+1 Xt11 yt2, Zt3E

4. Special cases: Puttinga =0, 3 =0and y=0in (2.2) we obtain the Laguerre polynomials in three variables

Lo ¥:2)= LEms (XY, 2)

nom s (=D nimidxPy* 7
“h & A (P m-d)- 0 ) @ )

Againif weput m=0=s(thenq=r=0) Thusweget from (4.1)

no (=D)°nixP
5100000)()()/ 2= D Xz

=0 (n—p)!(p)
whereL (x) isthesimple Laguerre polynomials
Inasimilar manner we establish the identity.

L% (x,y.2) =L, (xy)

as studied in the thesis of H. Sahoo (2007)
Now intherelation (2.2) if we put m=0=s. Then (g and r take values 0 only)

L%% (x,v,2)

( 1)p(a+1) xP ((x)
o (a+),(n-p)ipt

Alsoin(2.2) if weput s= 0 (r taken the values 0 only)
we obtan the identity.

LEHY (6y,2)= LER (xy)

=L, ()

1
||M:

)

92
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which is the two variables, two parameters. Laguerre polynomials as defined in the thesis of H. Sahoo (2007). Using
these identites we can reduce the generating functions satisfied by the three variables, three parameters, Laguerre

polynomial |L%2Y (x,y, z) to the generating function for two variabl es, two parameters. Laguerre polynomials | % (x,y)

and one variable, one parameter, Laguerre polynomials |_§1°‘) (x). Also we can deduce generating functions for simple

Laguerre polynomials of one variable, two variables and three variables L (x), L (x, y) and L (X.y,2) respectively as
follows:
In the generating function (3.1) if we put s= 0 and y = 0 then we get

° LY (XY 2)t" Lo (v,2)
=e F (i at L) O
o (o), (B+D), (0+D), - iy ouy,
whichimpliesthat
0 L@ (x,y)¢" L (y)

2 @, ST,

whichisacompletely new bilateral generating relation for %2 (x,y)
Inrelation (3.2) taking same substiution s= 0 and y = 0, we obtain the important and new generating function.

2 L (6 y)t" L (x)
LY) oy e 4.6
B (@, @, 0 (), 48
Similarly substitutingm = 0= sand = 0=yin therelation (3.1) we obtain very interesting result asfollows:
= LSyt Loe” (Y2)

=€ F (- a+1;-xt
B (e, (0rDy(0r), oY (04, (04),
which issame as
L (x)t"
(a +1)n =¢F(=a+Lxy L. 4.7

n=0

awell known generating function for | (%) (x).

Now considering thedouble seriesgenerating relation (3.4) , (3.5), (3.6)
we can deduce the following generating relations by taking first s=0and y=0,
From (3.4) we get.

o0 o0 (u B.0) (O)
ﬂ m.0 (X y’ Z) tl t2 = et1+t2 OFl (_1 a+ 1, 'Xt]_) oFl(_; B + 1, 'ytz) (Z)
=0 mo (a+l), (B+1),, (0+1), (0+1),

which gives the result

o o (0( B) (X y) tl t2 . . . . .
33 @ ), (B, "t RGO FERILY (4.8)

which isthe bilateral generating function for two variables, two parameters.

Laguerre polynomials as obtained in the thesis of H. Sahoo.

In asimilar manner we obtain the bilateral generating functions by the same substitutions from the trilateral function
(3.5)and(3.6) as

IS (G B.0) B
Lomo (X.,2)t =6 (o a1 ) £ 0+1;0) = L)
(a+l)n (B+1)m(0+1)0 (B :D
whichisequal to
Lo (X, y) tf L9E)

ngo (a+1),(B+D),, ~ =gl (= a+1-xt) ey (4.9)
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From (3.6) we get similar type of generating relation.
Now we consider the trilateral triple series generating function which after suitable substitution reduces to the double
series bilateral generating functions.
Letustakes=0andy=0in(3.7)

Then we get
2 LY (Y. D)ty
n,m=0 (G +1)n (B+1)m (0+1)0

which is same as

= et1+t2 OF]_ (_u a+ 11 'Xt]_) OF]_(_; B + 11 'ytz)

(=)

L (o
nm=0 (0( 0,3+,
which was obtained by H. Sahoo (2007).
In the same generating function, if we put m=0=sand 3 = 0 =y, we reduce the triple seriestrilateral generating
function to linear generating function. From (3.7) we get by above substitutions.
o (uOO)(XyZ)tl ;
(a+1), (0+1),(0+1), ~ € oo Lixt)
whichimpliesthat
LY (x)t"
nzo (a +1)n

whichisexactly sameasthat in Rainville (1960, P- 201). Inasimilar manner, if weputa =0=3=yandm=0=s, the
relation (3.7) reducesto

F(a+1-xt) F(=B+1-yt)

= gl FE=a+Lxy o (4.20)

= Lot
—_— = é
nZO n!
which coincidswith relation (3) of Rainville (1960, P - 213)
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